STRONG STATISTICAL STABILITY 
OF NON-UNIFORMLY EXPANDING MAPS 



JOSE F. ALVES 



Abstract. We consider families of transformations in multidimensional Riemannian 
manifolds with non-uniformly expanding behavior. We give sufficient conditions for the 
continuous variation (in the Z^-norm) of the densities of absolutely continuous (with 
respect to the Lebesgue measure) invariant probability measures for those transforma- 
tions. 



1. Introduction 

In this work we address ourselves to the study of the statistical stability of certain 
classes of chaotic dynamical systems. We are particularly interested in the statistical 
stability of systems displaying non-uniformly expanding behavior on the growth of the 
derivative for most of its orbits. 

To be more specific, let / : M — > M be some discrete-time dynamical system of a com- 
pact Riemannian manifold M, and let m be a volume form that we call Lebesgue measure. 
Sinai-Ruelle-Bowen (SRB) measures or physical measures are probability measures that 
characterize asymptotically, in time average, a large set of orbits of the phase space; these 
are defined precisely in (jHJ) below. It is a difficult problem to verify the existence of these 
measures for general dynamical systems. 

By the statistical stability of a system, we mean continuous variation of the SRB mea- 
sures under small modifications of the law that governs the system. Using Birkhoff's 
Ergodic Theorem, one possible way for finding SRB measures for a map / is by proving 
the existence of ergodic absolutely continuous /-invariant probability measures. 

Systems displaying uniformly expanding behavior have been exhaustively studied in 
the last decades, and several results on the existence of SRB measures and their statistical 
stability have been obtained, starting with Sinai, Ruelle and Bowen; see [IBJ H3J |H1 ITTTj 

and also H3II2I CE3 EE! • 

The existence of SRB measures for many one-dimensional maps with non-uniformly 
expanding behavior has been established in the pioneer work of Jakobson [IT] : see also 
IHJ . Viana introduced in an open class of transformations in higher dimensions with 
non-uniformly expanding behavior for most of its orbits. The existence of SRB measures 
for Viana maps has been proved in £Q. Motivated by the results in [T7| and [JJ, general 
conclusions on the existence of SRB measures for non-uniformly expanding dynamical 
systems are drawn in [Hj. 

The statistical stability of the systems introduced in [Tj\ has been proved in in 
a strong sense: convergence of the densities of the SRB measures in the L 1 norm. The 
proof uses in an important way geometrical features of the system, and could not be 
immediately extended to more general classes of non-uniformly expanding maps. Some 
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results in this direction were obtained in but in a weak sense: convergence of the 
measures in the weak* topology. 

In this work we give sufficient conditions for the strong statistical stability of certain 
classes of non-uniformly expanding maps. These conditions are naturally verified by the 
maps introduced in as shown in [Hj, and by a class of non-uniformly expanding local 
diffeomorphisms introduced in j3j that we include at the end of this work. 

1.1. Non-uniformly expanding maps. Let /: M — > M be a continuous map which 
is local diffeomorphism in the whole manifold except in a set of critical points C C M. 

Definition 1.1. We say that C is non-degenerate if the following conditions hold. The first 
one says that / behaves like a power of the distance to C: there are B > 1 and (3 > 
such that for every x G M \ C 

(si) J B" 1 dist(x,C) /3 < \\Df{x)v\\ < B dist(x, C) _/3 , for all v G T X M with = 1. 

Moreover, we assume that log|detD/| and log||D/ _1 || are locally Lipschitz in M \ C, 
with Lipschitz constant depending on the distance to C: for every x, y G M \ C with 
dist(x, y) < dist(x, C)/2 we have 

(s 2 ) |log H^/Cx)- 1 !! - log H.D/Cy)- 1 !! | < ^ dist(a,y); 

(s 3 ) |log | det Df(x)\ - log | det Df(y)\ | < ^— ^ dist(a;, y). 

Given 5 > and a; G M \ C we define the 5-truncated distance dist s(x,C) = dist(x, C), 
if dist(x,C) < 5, and dist<5(x, C) = 1, otherwise. 

Definition 1.2. Let f:M — > M be a local diffeomorphism outside a non-degenerate 
critical set C. We say that / is non-uniformly expanding if: 

• there is A > such that for every x G M 

n— 1 

limsup-^logHD/a^x))- 1 !! < -A; (1) 

n—* oo Tl . 

• for every e > there exists 5 > such that for every x G M 

^ 71—1 

limsup-^-logdist 5 (/ j (x),C) < e. (2) 

n— >+oo Tl . 

1=0 

We will often refer to (j2J) by saying that orbits have slow recurrence to the critical set C. 
When C = we simply ignore the slow recurrence condition. 

Remark 1.3. Slow recurrence condition is not needed in all its strength. In fact, the only 
place where we will be using (J2J) is in the proof of Proposition 13.51 As we shall see, it is 
enough that (J2J) holds for some sufficiently small e > and conveniently chosen 5 > 0; 
see Remark 13. 61 

A Borel probability measure fi on the Borel sets of M is said to be an SRB measure if 
there exists a positive Lebesgue measure set of points z G M for which 

n-1 

lim -J>(/'(*))= /vxZfi (3) 

n^+oo /J, ^ — ' / 

j=0 J 

for any continuous function if : M — > R. The set of points 2 G M for which this holds 
is called the 6aszn of /x. It was proved in [S] that non-uniformly expanding maps possess 
SRB measures. 
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If / : M — > M is non-uniformly expanding, then by (|IJ the expansion time function 
= min <N > 1 : — ^ log < —A, for all n > n\ (4) 



n 

i=0 



is defined and finite almost everywhere in M. Then, according to Remark 11.31 we fix 
e > and 5 > as in (J2J). The recurrence time function 



ft(ac) = minjiV > 1 : ^ ^ - logdist^/^z), C) < e, for all n > NJ (5) 

is also defined and finite almost everywhere in M. We define the tail set 

T n = {x : £{x) > n or 7£(x) > n}. (6) 

This is the set of points which at time n have not yet achieved either the uniform ex- 
ponential growth of derivative or the uniform slow recurrence. If C = 0, we ignore the 
recurrence time function in the definition of T n . 



1.2. Statistical stability. Let T be a family of C k maps (k > 2) from a <i-dimensional 
manifold M into itself, and endow T with the C fe topology. We assume that each / G T 
admits a unique absolutely continuous /-invariant probability measure /i/ in M. 

Definition 1.4. We say that f G J 7 is (strongly) statistically stable, if J- 3 f ^ d/if/dm 
is continuous at /o, with respect to the L 1 -norm on the space of densities. 

We assume that the maps in a neighborhood of /o satisfy the following non- degeneracy 
condition: given any e > there exists 5 > such that 

m(E) <5 m(f-\E)) < e (7) 

for any measurable subset E C M and any / 6 J. This can often be enforced by requiring 
some jet of order I < k of fo to be everywhere non-degenerate. This is obviously satisfied 
whenever we consider local diffeomorphisms. 

Definition 1.5. We say that as above is a uniform family if the S, as in Definition ll.il 
and e, 5, A as in Definition 11.21 (cf . Remark 13. 6j) can be chosen uniformly in JF. 

Theorem A. Let J 7 be a uniform family of C k (k > 2) non-uniformly maps for which 
non- degeneracy condition (j7J) holds. Assume that there are C > and 7 > 1 such that 
m (Xl) < CVi~ 7 , for all n> 1 and f & J 7 . Then every f <E F is statistically stable. 

Condition (JZj) is needed just because we are going to use [SI Theorem A]; see Theo- 
rem 12.21 below. 



2. PlECEWISE EXPANDING INDUCED MAPS 

One possible way for proving the existence of invariant measures for certain dynamical 
systems may be by choosing conveniently some region in the phase space and studying 
an induced return map to that region. This method can also be efficient in proving the 
absolute continuity of those measures. In this section we are particulary interested in the 
study of those return maps. 
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2.1. Markovian return maps. Let / be a map from a Riemannian manifold M into 
itself, and let F : A — > A be a return map for / in some topological disk in A C M. This 
means that there is a countable partition V of a full Lebesgue measure subset of A, and 
there exists a return time function R: V — » Z + such that _F|;y = / fl ^|j7 for each U E V. 

Definition 2.1. We say that F is a piecewise expanding Markovian map if there is a 
countable partition "P into open sets of a full Lebesgue measure subset of A such that: 

(1) Expansion: there is < re < 1 such that for each U E V and x E U 

\\DF(x)- l \\ < re. 

(2) Bounded distortion: there is if > such that for each U E V and x,y E U 

det DF{x) 



log 



< ATdist(F(a;),F(y)). 



det-DF(y) 

(3) Markov: F\y is a C 2 diffeomorphism onto A, for each U EV. 

If F: A — > A is a C 2 piecewise expanding Markovian map, then it has some absolutely 
continuous invariant measure [ip. Moreover, the density of [ip is uniformly bounded by 
some constant; see e.g. ^01 Theorem 1]. Defining 

oo 

fi= y E,fio*F\{R>j}), (8) 

3=0 

it is straightforward to check that fi*j- is an absolutely continuous /-invariant measure, 
which is finite whenever R E L X (A). 

2.2. Statistical stability. Let T be a family of C k maps (fc > 2) from the manifold M 
into itself, and assume that we may associate to each / E T a piecewise expanding return 
map Ff : A — > A as in Definition 12.11 For each f E J 7 , let Vf denote the partition into 
domains of smoothness of Ff and Rf.Vf — > Z + be the corresponding return time. We 
assume that -R/ E -^ 1 (A) for each / E J 7 , which then implies that if up is the absolutely 
continuous Fj-invariant probability measure, then = YlJLo f* I i^f > j}) ^ s an 
absolutely continuous /-invariant finite measure. In our setting of Markovian maps, the 
statement of Theorem A] can be simplified. 

Theorem 2.2. Let T be as above, and suppose that every f E T admits a unique abso- 
lutely continuous invariant probability measure fif. Suppose that each f E T satisfies: 

(ui) Given e > there is 5 > such that for any f E T 

11/ - /oiler* <<* \\R f - RfyWi < e. 

(U2) re ; K as in Definition \2. 1\ may be taken uniformly in a neighborhood of fo in T. 
Then fo is statistically stable. 

Remark 2.3. The bounded distortion condition used in Theorem A] is satisfied in our 
context, as we shall see in Lemma \4. 61 Moreover, the assumption on the constants j3 and 
p as in condition (U3) of [3] is trivially satisfied. In the non-Markovian case treated in 
jSJ Theorem A], one can only assure that the density of fxp belongs to L P (A) for some 
p > 1. This implies that convergence of Rf to Rf has to be taken in the norm of L q (A) 
with p~ x + q" 1 = 1. Since in our case the density belongs to L°°(A) we may take the 
convergence of Rf to Rf in the L 1 -norm, by a usual Holder inequality argument. 
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Under the assumptions of the Theorem 12 .21 the unique absolutely continuous invariant 
probability measure is necessarily equal to the normalization of /ij, i.e. /i/ = //j///j(M). 
Thus for proving Theorem 1X1 we just have to show that conditions (ui) and (U2) hold for 
families T as in Theorem 1X1 

3. Hyperbolic times and bounded distortion 

In this section we present some results on the existence of hyperbolic times for non- 
uniformly expanding maps and distortion properties at hyperbolic times. Although these 
results have essentially been all proved in [Hj, we include some proofs here in order to see 
how the constants depend on one another. 

Definition 3.1. Fix B > 1 and (3 > as in Definition 11.11 and take b > such that 
2b < min{l,/3 -1 }. Given a < 1 and 5 > 0, we say that n is a (a ,$) -hyperbolic time for a 
point x G M if for all 1 < k < n, 

n-l 

II P/CTOzOrl < ° k and dist 5 (/"- fe (x),C) > a 6fc . (9) 

j=n—k 

In the case C = the definition of (a, <5)-hyperbolic time reduces to the first condition in 
(jHJ) and we simply call it a a -hyperbolic time. 

Lemma 3.2. Given S > fix St = 5 1 (B,P,a,5) > so thatA8 x < 5 andABSt < \ \ogo~\. 
If n is a (a, 5) -hyperbolic time for x, then || < a~ 1 / 2 \\Df(f n ~ : >(x))~ 1 \\ for any 
1 < j < n and any point y in the ball of radius 25 1 cr- ?//2 around f n ~i(x). 

Proof. Since n is a (a, 5)-hyperbolic time for x we have dist ( 5(/™~- ; ' (x), C) > for any 
1 < j < n. According to the definition of the truncated distance, this means that 

dist{f n - j {x), C) = dist 5 (/ n - J (x), C) > a bj or else dist(r~ J (x), C) > 5. 

In either case, we have dist(y, f n "^(x j) < dist(/ n_ - 7 (a;), C)/2 for any 1 < j < n, because 
we chose b < 1/2 and 5i < 5/4 < 1/4. Therefore, we may use (S2) to conclude that 

b WDfiy)- 1 ]] <B dist(y,r^(x)) <B 2cW /2 



|P/(/ n-i (^)) -1 || ~ dist(f n -i(x)),C)P ~ min{o-W,^}' 
Since 5 and a are smaller than 1, and we took b/3 < 1/2, the term on the right hand 
side is bounded by 2B5i5~ 13 . Moreover, our second condition on 5i means that this last 
expression is smaller than log a" 1 / 2 . □ 

Proposition 3.3. Let < o < 1 and 5 > 0. If n is a (a, 5) -hyperbolic time for x, then 
there exists a neighborhood V n of x such that: 

(1) /" maps V n diffeomorphically onto the ball of radius 5\ around f n (x); 

(2) for each x e V n we have \\Df n (x)- l \\ < a n ' 2 ; 

(3) for all 1 < k < n and y,z G V n , 

dist(f n - k (y),f n ~ k (z)) < o- k / 2 dist(f n (y),f n (z)). 

Proof. See Lemma 5.2]. □ 

We shall refer to the sets V n as hyperbolic pre-balls and to their images f n (V n ) as 
hyperbolic balls. Notice that the latter are indeed balls of radius 8\ > 0. 

Lemma 3.4. Given < c\ < c<± < A let 9 = (02 — C\)/(A — c{) . Take ai < A, . . . < A 
such that Ylj=i a j — °2N. Then there are I > 9N and 1 < n\ < ■ ■ ■ < n\ < N so that 
Y^jLn+i a j — c i( n i ~ n ) f or every < n < and i = 1, . . . , /. 



Proof. See Lemma 3.1]. □ 

We say that the frequency of (a, S) -hyperbolic times for x G M is bigger than 9 > 
if, for large n G N, there are £ > 9n and integers 1 < ni < rig ■ ■ ■ < nt < n which are 
(a, 5) -hyperbolic times for x. 

Proposition 3.5. Assume that f ': M — > M zs non-uniformly expanding. Then there are 
0<a<l,5>0 and 9 > (depending only on A and on t/ie derivative of f) such that 
the frequency of (a, 5) -hyperbolic times for Lebesgue almost all x G M is bigger than 9. 

Proof. Assuming that (P) holds for x G M, then for large N G N we have 

JV-l 

52-iog\\Df(ji (x))- 1 !! > Aiv. 

i=o 

Take /3 > given by Definition II. 1\ and fix any p > (3. Then (S2) implies that 

I log \\Df(x)- 1 1| I < p|logdist(a;,C)| (10) 

for every 1 in a neighborhood V of C. Fix ex > so that pe\ < A/2, and let r\ > be so 
that 

JV-l 

^logdist^C/^^J^-eiJV. (11) 
3=0 

The assumption of slow recurrence to the critical set ensures that this is possible. Fix 
any K\ > p|logri| large enough so that it is also an upper bound for — log ||Z^/ _1 || 
on the complement of V. Then let J be the subset of times 1 < j < N such that 
-log\\Df(p~ l (x))- l \\ > K u and define 

-logiiAfCp- 1 ^))- 1 !! J 

if j G J. 

By construction, aj < K\ for 1 < j < N. Note that if j G J then fi~ l (x) G V. Moreover, 
for each j G J 

Hlognl <K X <-\og\\Df\p-\x))- l \\ <p|logdist(^- 1 (x),C)|, 
which shows that dist(/ J (x),C) < r\ for every j G J. In particular, 

dist ri (/ i_1 (x),C) = dist(/ j_1 (x),C) < n, for all j G J. 
Therefore, by IfTTT jl and (fTTI). 

^-loglp/Cf- 1 ^))- 1 !! ^p^ltogdist^'-^)^)! <peiiV. 
ieJ j'gJ 

We have chosen E\ > in such a way that the last term is less than XN/2. As a 
consequence, 

N N > 

E % = E - lo s 1 11 - E - lo s '«•'•)) 1 11 > 2 * ■ 

3=1 j=l j£j 

Thus, we have checked that we may apply Lemma EOl to the numbers ai, . . . , a^, with 
Ci = A/4, c 2 = A/2, and A = i^i. The lemma provides Q\ > and Z x > f^iV times 
1 < Pi < • • • < Ph < N such that 

Pi Pi 

E -loglP/C/^Crr))- 1 !! > £ %> £(R-n) (12) 

j'=n+l j=n+l 



a, 



for every < n < Pi and 1 < i < l±. 

Now fix £ 2 > small enough so that e 2 < 6ib\/4, and let r 2 > be such that 

2V-1 

J2^gdiat r2 (f(x),C) > -e 2 N . (13) 

j=0 

Let Ci = — 6A/4, c 2 = — e 2 , A = 0, and 

c 2 - ci _ 4e 2 

Applying Lemma l3~4l to aj = logdist,,,.-,^ -1 ^),^, with 1 < j < N, we conclude that 
there are Z 2 > 6 I 2 A^ times 1 < qi < ■ ■ • < qi 2 < N such that 

^logdist r2 (^'(x),C) > ~(ft-n) (14) 

i=n 

for every < n < and 1 < z < Z 2 . 

Finally, our condition on e 2 means that 61 + 62 > 1. Let 6 = 6\ + 62 — 1. Then there 
exist I = (h + 1 2 - N) > 6N times 1 < n x < ■ ■ ■ < n t < N at which (JI2J) and jUJ occur 
simultaneously: 

n;-l . 
j=n 



b\ 



and 

^logdist r2 (/ J (x),C) > -^-(rii-n), 

j=n 

for every < n < rii and 1 < i < I. Letting a = e _A//4 we easily obtain from the 
inequalities above 

rii— 1 

J] \\Df(f (x))' 1 !! <cr fc and dist r2 (r- fc (x), C) > 

j=rii-k 

for every 1 < z < / and 1 < k < ni. In other words, all those nj are (cr, <5)-hyperbolic 
times for x, with 5 = r 2 . □ 

Remark 3.6. From the proof of the previous proposition one easily sees that condition 
((2J) in the definition of non-uniformly expanding map is not needed in all its strength for 
the proof work. Actually, we have only used © in (fTTj) and (fT3*j) . Hence, it is enough 
that (0) holds for e = min{£: 1 ,£: 2 } and 5 = max{r 1; r 2 }. 

Remark 3.7. Observe that the proof of Proposition 13.51 also gives that if for some x G M 
and N e N 

JV-l AT-l 

£-log||£>/(/' (x))- 1 !! > XN and £ logdist a (f (x), C) > -eN 

j=0 j=0 

(where e and 5 chosen as in Remark I3.fi|) . then there exist 1 < n\ < ■ ■ ■ < n\ < N with 
I > ON such that rii is a (cr, <5)-hyperbolic time for x for every 1 < % < I. 

Corollary 3.8. There exists Cq = Cq(B, (3, b, a) > such that for every hyperbolic pre- 
ball V n and every y,z e V n 

log Si £C » dlSt(/ " (! ' , • ^(2), ■ 



Proof. It suffices to take C > EfcLi 2^Ba^ 2 - b ^ k ; recall that bp < 1/2. □ 

Corollary 3.9. There exists G\ = C\(Cq) > such that for every hyperbolic pre-ball V n 
and every y,z G V n 

1 |det£>r(y)| 
d " |det £>/»(«) | " x " 

Proof. Take Ci = exp(Co-D), where D is the diameter of M. □ 

We finish this section deriving an useful consequence of the existence of positive fre- 
quency of hyperbolic times. 

Lemma 3.10. Let A C M be a set with positive Lebesgue measure whose points have 
frequency of (a, 5) -hyperbolic times bigger than 9 > 0. Then there is n$ G N such that for 
n > n 

1 A m(A n Hj) 6 
nj^ m(A) ~ 2' 

where Hj is the set of points that have j as a (a, 5) -hyperbolic time. 

Proof. Since we are assuming that points in A have frequency of (a, 5)-hyperbolic times 
bigger than 9 > 0, then there are n G N and a set B C A with m(B) > m(A)/2 such that 
for every x G B and n > n Q there are (er, 5)-hyperbolic times < ni < n 2 < • ■ ■ < < n 
for x with i > 9n. Take now n > no and let ^ n be the measure in {1, . . . , n} defined by 
£n(J) = jfJ/n, for each subset J. Then, using Fubini's Theorem 

l(x, i) dm{x) I d^ n {i) 



^m(Bnfl)) = y (^j l(x,i)dm(x) S j 



l(x, i) d£ n (i) I dm(x), 



B 

where l(x,i) — 1 if x G i^, and = otherwise. Since for every x E B and n > no 

there are < ni < ri2 < • ■ ■ < ni < n with I > 9n such that x G H ni for 1 < z < £, then 
the integral with respect to d£ n is larger than 9. So, the last expression in the formula 
above is bounded from below by 9m(B) > 9m(A)/2. □ 

4. Markov structures 

The aim of this section is to show that non-uniformly expanding transformations induce 
piecewise expanding Markovian return maps. This has been proved in jl] and we follow 
the proof therein. Detailed proofs of most results are presented here in order to show 
how constants depend on one another. 

Theorem 4.1. Let f : M —> M be a C 2 non-uniformly expanding transitive transforma- 
tion. Then f induces some piecewise expanding Markovian return map on a ball A C M. 
Moreover, if there exist C, 7 > such that m(T n ) < CvT 1 ', then there is C > such that 
the return time function satisfies m{R > n} < C'vT 1 . 

Assuming that / is a non-uniformly expanding map, then by Proposition K15I there are 
a, 5 and 9 such that Lebesgue almost every x G M has frequency of (a, 5)-hyperbolic 
times greater than 9. From the transitivity of / and by ^ Lemma 2.5] we may fix p G M 
and Nq G N for which 

U 3 - = 2 / -J '{p} is 5i/3-dense in M and disjoint from C, (15) 
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where 81 > is the radius of hyperbolic balls given by Proposition 13.31 Take constants 
e > and 5 > so that 



v^o < ^i/2 and < £ < 5 . 
Let us introduce a couple of auxiliary lemmas. 

Lemma 4.2. There are constants Kq, Dq > depending only on f, a, S\ and the point p, 
such that for any ball B <Z M of radius 8\ there are an open set V C B and an integer 
< m < Nq for which: 

(1) f m maps V diffeomorphically onto B(j>,2\8q); 

(2) for each x, y G V 



log 



det Df m (x) 



det Df™(y) 



<D dist(f m (x),f m (y)). 



Moreover, for each < j < Nq the j-preimages of B(p,2y/8o) ore all disjoint from C, 
and for x belonging to any such j-preimage we have Kq -1 < \\Dfi(x)\\ < Kq. 

Proof. Since Ujl f~ : '{p} is 5i/3 dense in M and disjoint from C, choosing 5q > suffi- 
ciently small we have that each connected component of the preimages of B(p, 2\/5o) U P 
to time A^o are bounded away from the critical set C and are contained in a ball of radius 
Sx/3. This immediately implies that any ball BcMof radius 8\ contains a preimage 
V of B(p, 2^/6q) which is mapped diffeomorphically onto B(p, 2v^o) i n at most A^o iter- 
ates. Moreover, since the number of iterations and the distance to the critical region are 
uniformly bounded, the volume distortion is uniformly bounded. 

Observe that 5q and N have been chosen in such a way that all the connected compo- 
nents of the preimages of B(p, 2a/5 ) up to time N are uniformly bounded away from the 
critical set C, and so there is some constant K > 1 such that Kq" 1 < \\Df m (x)\\ < K 
for all 1 < m < Nq and x belonging to an m-preimage of B(p,2y/6 ). □ 

Lemma 4.3. There exists N £ > such that any ball B C M of radius £ contains a 
hyperbolic pre-ball V n C B with n < N e . 

Proof. Take any e > and a ball B(z, e). By Proposition 13 . 31 we may choose n e G N large 
enough so that any hyperbolic pre-ball V n associated to a hyperbolic time n > n £ has 
diameter not exceeding e/2. Now notice that by Proposition 13.51 Lebesgue almost every 
point has an infinite number of hyperbolic times and therefore 

m (M \ \Sj= n Hj) as n ^ oo. 
Hence, it is possible to choose N e G N such that 

m(M\Uf4 £ #i) <m{B{z,£/2)). 

This ensures that there is a point x G B(z,£/2) with a hyperbolic time n < N £ and 
associated hyperbolic pre-ball V n (x) contained in B{z,e). □ 

Remark AA. Observe that if n is a hyperbolic time for /, then n is also a hyperbolic time 
for every map in a sufficiently small C 1 neighborhood of /. Hence, for given e > the 
integer N e may be taken uniform in a whole C l neighborhood of /, and only depending 
on £, a and 6±. 

9 



4.1. The partitioning algorithm. Here we describe the construction of the partition 
(mod 0) of A = B(p,8 ). We introduce neighborhoods of p 

A° = B(p,S ), Al = B(p,25 ), A 2 = B(p,VS ) and Ajj = fl(p, 2v^o). 

For < o < 1 given by Proposition 13. 5[ let 

I k = {x G A] : So(l + a k/2 ) < dist(z,p) < 5 (1 + a (fe " 1)/2 )} , k > 1, 

be a partition (mod 0) into countably many rings of Aq \ A . The construction of the 
partition of A is inductive and we describe precisely the general step of the induction 
below. 

Take Rq some large integer to be determined latter; we ignore any dynamics occurring 
up to time Rq. Assume that sets A i; A iy A\ B^ {R = i} and functions U : A, — > N are 
defined for all i < n - 1. For i < R we just let A { = A\ = A { = A , Bi = {R = i} = 
and ti = 0. Now let (U^j)j be the connected components of /~ n (A ) flv4^_ 1 contained in 
hyperbolic pre-balls V m , with n — N < m < n, which are mapped onto Aq by f n . Take 

K,J = U n,j n f' nA l i = 0,l,2, 
and set i?(x) = n for x G Take also 

A n = A n _! \ {-R = n}. 
The definition of the function t n : A n — > N is slightly different in the general case: 

{s if x G C/^ ■ \ Z7°j and f n (x) G J s for some j, 

if a; G An-i \ [j j Ul >p 

t n - x {x)-l if x G \ \J. Ul r 

Finally let 

A n = {x G A n : t n (x) = 0}, B„ = {xeA„: t n {x) > 0} 

and 

^ = {x G A n : dist(r +1 (x), f n+ \A n )) < e}. 

At this point we have completely described the inductive construction of the sets A n , A n , 
B n and {R = n}. 

The construction detailed before provides an algorithm for the definition of a family of 
topological balls contained in Ao and satisfying the Markov property as required. This 
algorithm does indeed produce a partition mod of Ao; see [U Lemma 3.1]. 

Associated to each component U®_ k of {R = n — k}, for some k > 0, we have a collar 
U\_ k \ U®_ k around it; knowing that the new components of {R = n} do not intersect 
"too much" U^_ k \ U^_ k is important for preventing overlaps on sets of the partition. 
This is indeed the long as e > is taken small enough. 

Lemma 4.5. If e > is sufficiently small, then U\ PI {t n -i > 1} = for each U\. 

Proof. Take some k > and let U®_ k be a component of {R = n — k}. Let Qk be the 
part of U\_ k that is mapped by f n ~ k onto I k and assume that Q k intersects some U%. 
Recall that, by construction, Q k is precisely the part of U\_ k on which t n _i takes the 
value 1. Letting qi and q2 be any two points in distinct components (inner and outer) of 
the boundary of Qk, we have by Proposition 13.31 and Lemma f4. 21 



dist(r- fc ( gi ),r- fc (g 2 )) < K ^ k - N ^dist(f n ( qi ),r(q 2 )). 
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(16) 



We also have 

dist(r- fc ( gi ),r- fc (g 2 )) > 5o(i + ^- i )/ 2 )-5 (i + ^ /2 ) 

which combined with (fTp^l gives 

dist(r( gi ),r(g 2 )) > K^a^H^a- 1 ' 2 - 1). 
On the other hand, since C A^_ x by construction of U%, taking 

e < K^a^doia- 1 / 2 - 1) 
we have U* n {t n _i > 1} = 0. This implies U\ n {t n _i > 1} = 0. 



:it) 
□ 



4.2. Expansion. Recall that by construction, the return time i? for an element U of the 
partition V of Ao is formed by a certain number n of iterations given by the hyperbolic 
time of a hyperbolic pre-ball V n D U, and a certain number m < Nq of additional iterates 
which is the time it takes to go from f n (V n ) which could be anywhere in M, to f n+m {V n ) 
which covers A completely. It follows from Proposition 13.31 and Lemma 14.21 that 

\\Df n+m (x)' l \\ < \\Df m (f n (x))- l \\ ■ \\Df n (xy l \\ < K a n/2 < K a {R °~ No)/2 . 

By taking Rq sufficiently large we can make this last expression smaller than 1. 

4.3. Bounded distortion. For the bounded distortion estimate in Definition 12.11 we 
need to show that there exists a constant K > such that for any x, y belonging to an 
element U 6 V with return time R, we have 



log 



det Df 



Ri 



X 



det Df*(y) 



<Kdist(f R (x)J K (y)) 



Recall that by construction, the return time R for an element U of the partition V of Ao 
is formed by a certain number n of iterations given by the hyperbolic time of a hyperbolic 
pre-ball V n D U, and a certain number m = R — n < N of additional iterates which is 
the time it takes to go from f n (V n ) to A and cover it completely. By the chain rule 



log 



det Df 



Ri 



X 



det Df*(y) 



log 



det Df R - n (f n (x)) 



+ log 



det Df n {x) 



det Df"(y) 



\det Df*-»(f»(y)) 

For the first term in this last sum we observe that by Lemma f4. 21 we have 

det Df R ~ n (f n (x)) 



log 



< A) dist(/*(x), f R (y)). 



detD/*-»(/»(y)) 
For the second term in the sum above, we may apply Corollary 

det Df n (x 



and obtain 



log 



< Co dist (/"(*),/"(*))■ 



Also by Lemma 



det Df n (y) 
we may write 

dist(r(x),P(y)) < K dist(f R (x),f R (y)). 



Thus we just have to take K = D + CqKq. 

In the next lemma we show that the bounded distortion condition in |H] is satisfied in 
our context. 

ll 



Lemma 4.6. For each U EV we have 

\\D{Jo(F\u)-» 



<K, 



\Jo(F\u)^\ 
where J = det DF is the Jacobian of F. 
Proof. For simplicity we assume A C M. d . Observe that 



\D{Jo(F\ 



v 



\D (\og\j o (F\ v )- l \)\ 



Thus we just have to prove that the functions log | J o (F\u)- X \, U G V, have derivatives 
uniformly bounded by K. Take any point x in the interior of A and v a vector of the 
canonical basis of M d . By the bounded distortion condition of D efinit ion 12 . 1 1 we have for 
small t e R 

log | Jo (Flu)- 1 1 + tv) - log | Jo (Flu)- 1 1 (x) 

< K dist( J P(( J P| [7 )- 1 (a; + tv)), F^u)- 1 ^))) 
= Kt. 

This implies the uniform bound on derivatives that we need. □ 

4.4. Metric estimates. Now we prove that the construction performed above does in- 
deed produce a partition of A as in the Theorem 14. 1[ modulo a zero Lebesgue measure 
subset. We split our argument into two parts. 



4.4.1. Estimates derived from the construction. In this first part we obtain some estimates 
relating the Lebesgue measure of the sets A n , B n and {R > n} with the help of specific 
information extracted from the inductive construction we performed in Subsection 14.11 

Lemma 4.7. There exists a constant oq > (not depending on 5o) such that 

m(B n ^ 1 n A n ) > a m(S„_i) 

for every n > 1. 

Proof. It is enough to see that this holds for each connected component of £? n _i at a 
time. Let C be a component of -B„_i and Q be its outer ring corresponding to t n _i = 1. 
Observe that by Lemma f4. 51 we have Q — C D A n . Moreover, there must be some k < n 
and a component U% of {R = k} such that f k maps C diffeomorphically onto [J°l k h 
and Q onto Ik, both with distortion bounded by C\ and e D ° L , where L is the diameter 
of M; cf. Corollary and Lemma 14.21 Thus, it is sufficient to compare the Lebesgue 
measures of \J*L k h and I k - We have 

m(h) 15 (1 + a^-^r - Ml + a k / 2 )] d 1/2 
rn(\JT= k Ii)~ [S (l + a^-^)Y - 6$ ~ ° ' 

Clearly this proportion does not depend on 5q. □ 

Lemma 4.8. There exist bo, cq > with bo + cq < 1 such that for every n > 1 

(1) m(A n ^ n B n ) < b m(A n _ 1 ); 

(2) m(A n _! n {i2 = n}) < c m(A n ^). 

Moreover 6 —> and Co — > as 5o ~^ 0. 
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Proof. It is enough to prove these estimates for each neighborhood of a component U® 
of {R = n}. Observe that by construction we have C A £ n _ 1 , which means that 
U% C A n _i, because e < 5q < v^o- Using the distortion bounds of /" on given by 
Corollary and Lemma [4.21 we obtain 

m(Uk \ U° n ) „ m(Al \ Ag) ^ J_ 
m(t^ \ U^) ~ m(Ag \ Ai) ~ af» ^ ' 

which gives the first estimate. Moreover, 

™TO ^ m(Ag) ^ J_ 
m(C^ \ Uk) ~ m(A§ \ AS) ~ ^ 2 ' 

and this gives the second one. □ 

The next result asserts that a fixed proportion of A n _i fl H n gives rise to new elements 
of the partition within a finite number of steps (not depending on n). 

Proposition 4.9. There exist c\ > and a positive integer N = N(e) such that 

m (\Jto{ R = n + *}) > cim(A n ^ n H n ) 

for every n > 1. 

Proof. Take r = 55qKq°, where N and K are given by Lemma 14.21 Let {zj} be a 
maximal set in f n (A n _ 1 fl H n ) with the property that B(zj,r) are pairwise disjoint. By 
maximality we have [J-B(Zj,2r) D f n (A n ^i fl £T n ). Let Xj be a point in if n such that 
f n (xj) = Zj and consider the hyperbolic pre-ball V n (xj) associated to Xj. Observe that 
f n sends V n (xj) diffeomorphically onto a ball of radius 8\ around Zj as in Proposition EH3 
In what follows, given B C B(zj, 5i), we will simply denote (f n \V n (xj))~ 1 (B) by f~ n (B). 

Our aim now is to prove that f~ n (B(zj,r)) contains some component of {R = n + kj} 
with < kj < N e + N . We start by showing that 

t n+kj \r n (B( Zj , £)) > for some < k 3 < N £ + N . (18) 

Assume by contradiction that t n+ k j \f~ n (B(zj, e)) = for all < kj < N £ + Nq. This 
implies that f~ n (B(zj,e)) C A £ n+k . for all < kj < N £ + N . Using Lemma IQ1 we 
may find a hyperbolic pre-ball V m C B(zj,e) with m < N £ . Now, since f m (V m ) is a 
ball B of radius 5i it follows from Lemma 14.21 that there is some V C B and ml < Nq 
with f m (V) = Aq. Thus, taking kj = m + ml we have that < kj < N £ + Nq and 
f~ n (V m ) is an element of {R = n + kj} inside f~ n (B(zj,e)). This contradicts the fact 
that t n+k] \f- n {B{zj,e)) = for all < % < N E + JV , and so (HD holds. 

Let kj be the smallest integer < kj < N £ + N for which t n+ i C:j \f~ n (B(zj, e)) > 0. 
Since f~ n (B(zj,e)) C C {i n -i < 1}, there must be some element U® +k .(j) of 

{i? = n+%} for which f~ n (B(zj, e))nU^ +k .(j) ^ 0- Recall that by definition sends 
Un+k U) diffeomorphically onto Aq, the ball of radius (1 + s)5 around p. From time n 
to n + kj we may have some final "bad" period of length at most N where the derivative 
of / may contract, however being bounded from below by 1/K Q in each step. Thus, 
the diameter of f n (U^ +k ^(j)) is at most 45 Kq°. Since B(zj,e) intersects f n (U^ +kj (j)) 

and £ < 5q < 5 Kq°, we have by the definition of r that f~ n (B(zj,r)) D U® +k .(j). 
Thus we have shown that f~ n (B(zj, r)) contains some component of {R = n + kj} with 
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< kj < N £ + N . Moreover, since n is a hyperbolic time for Xj, we have by the distortion 
control given by Corollary 13.91 



m(f- n (B(z v 2r))) m(B( Zj ,2r)) 

m(f-"(B(z 3 ,r))) ~ l m(B{z v r)) 1 ] 

and 

gMj < r m(B(z jt r)) 

™(U° n+kj (j)) ~ °m(f n (U° n+kj (3))y 1 ] 

Here we are implicitly assuming that 

r = r(5 ) < Ji/2. (21) 

This can be done by taking 5q small enough. Note that estimates on Nq and Kq improve 
when we diminish 5q. 

From time n to time n + kj we have at most kj = mi + m-i iterates with m\ < N e , 
m 2 < N and f n (U® +k .(j))) containing some point Wj G H mi . By the definition of (a, 5)- 
hyperbolic time we have dists(f l (x), C) > <r biV£ for every < i < m 1; which implies that 
there is some constant D = D{e) > such that | det(Df t (x))\ < D for < i < ni\ and 
x G f n (U® +kj (j)). On the other hand, since the first iVo preimages of Ao are uniformly 
bounded away from C we also have some D' > such that | det(Df l (x))\ < D' for every 
< i < vtl2 and x belonging to an i preimage of Ao- Hence, 

m(f n (U° n+kj (j))) > ^7^(Ao), 

which combined with (|2T)|) gives 

m(r n (B( Z j,r)))<Cm(U° +kj (j)), 

with C only depending on C\, D, D', S and the dimension of M. We also deduce from 
(H that 

m{r n {B{ Zj ,2r))) < C'm(f- n (B(z 3 ,r))) 

with C only depending on C\ and the dimension of M. Finally let us compare the 
Lebesgue measure of the sets \J i=0 {R = n + i\ and A n _i fl H n . We have 

m(Vinff«) < ^m(/- n (B(^,2r))) < C"5^m(/- n (B(2 i ,r))). 
On the other hand, by the disjointness of the balls B(zj,r) we have 

J^mif-^Biz^r))) < Cj2™(U° n+kj (j))<Cm ({J{R = n + i} 

j j \i=0 

We just have to take c x = (CC) -1 . □ 

Remark 4.10. It follows from the choice of the constants D and D' (and so also C and 
C) that the constant C\ only depends on the constants a, b, N e , G\ and N . 
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4.4.2. General estimates. For the time being we have taken a disk A of radius So > 
around a point p and defined inductively the subsets A n , B n , {R = n} and A n which are 
related in the following way: 

A n = A \ {R < n} = A n UB n . 

Since we are dealing with a non-uniformly expanding map, we also have defined for 
each n G N the set H n of points that have n as a (cr, o~)-hyperbolic time, and the tail 
of expansion T n as in (JHJ). From the definition of T n , Remark 1.171 and Lemma lH. 101 we 
deduce: 

(nii) there is 9 > such that for every n > 1 and every A C M \ T n with m(A) > 



1 - 



m(A n Hj) 

n ^— i m(A) 
j=i 



> 9. 



Moreover, we have proved in Lemma I4.7[ Lemma I4.8I and Proposition I4.9I that the fol- 
lowing metric relations also hold: 

(012) there is ao > (bounded away from with Sq) such that for n > 1 

m(B n ^ 1 n A n ) > a m(B n ^i); 
(m 3 ) there are 60, c o > with b + Co < 1 and 60, Co — > as Sq — >• 0, such that for n > 1 
m(A ra _x n B n ) < ^ m(A w _! n {i? = n» < 

m(Aj_i) ~ " m(A n _i) 
(1114) there is ci > and an integer N > such that for n > 1 

m (U=o{^ = « + «*}) > cim(A n _i n F n ). 

In the inductive process of construction of the sets A n , B n , {R = n} and A n we have 
fixed some large integer i?o, being this the first step at which the construction began. 
Recall that A n = A n = A and B n = {R = n} = for n < R®. For technical reasons we 
will assume that 

R >max(2(iV + l),^l. (22) 



9 e 

Note that since iV and 9 do not depend on R Q this is always possible. 

This is the abstract setting under which we will be completing the proof of Theorem 14. II 
From now on we will only make use of the metric relations (mi)-(ni4) and will not be 
concerned with any other properties about these sets. 

Lemma 4.11. There is a\ > 0, with a% — > as 5q —>■ 0, such that for all n > 1 

m(B n ) < a l m(A n ). 

Proof. Let us just mention how the constant a\ > appears. By (1113) 

m(A n n A n _i) > 7]m(A n ^), (23) 
where r] = 1 — 60 — c o- Then we take 

~ b + c (l + a )b + c 

a = and a\ = . (24) 

a a r) 

The proof now follows exactly as in 01 Proposition 5.4]. □ 
Corollary 4.12. There exists C2 > such that for every n > 1 

m(A n ) < c 2 m(A„ +1 ). 
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Proof. Using (m 3 ) we obtain 

m(A n+ i) > m(A n+ i) >(l-b - c )m(A n ). 

On the other hand, by Lemma 14.111 

m(A„) = m{A n ) + m{B n ) < (1 + a^)m{A n ). 

It is enough to take c-i — (1 + ^r 1 )/ (1 — ^o — c o)- D 

At this point we are able to definitely specify the choice of Sq. First of all, let us recall 
that the number 9 in (mi) does not depend on <5 - Assume that m{T n ) < Cn~' y , for some 
C, 7 > 0, and pick a > such that 

«<y . <25) 

Then we choose 5o > small enough so that 

a x < 2a. (26) 

This is possible because a\ — > as 5q — > by Lemma [4.1 II 

Since m(A n ) = m(v4 ra ) +m(B n ), we easily deduce from (014) and Lemma [4. Ill that if 
we take 

h = t~~ ; (27) 
1 + at 

then 

m (Uf =0 {i? = n + <}) > fc r^-^^ mlVO. 
This immediately implies that 

m (A„ +JV ) < f 1 - ^ ^-m^ N m(An _ i) (28) 

At this point we obtained some recurrence relation for the Lebesgue measure of the sets 
A n . Since (A n ) n forms a decreasing sequence of sets we finally have 

We will complete the proof of Theorem 14.1 1 bv considering several different cases, according 
to the behavior of the proportions m(Aj-\ D if J )/m(A J _ 1 ). We define for each n > 1 

f m(A_i n HA 

E n = \j<n: { 1 j; <a 

and 

n6N:^>l-- 
n 12 

Proposition 4.13. Ta&e any n e F un£/i n > i?o- If m{A n ) > 2m(T n ), then there is 
some < k = k(n) < n for which m(A n ) < (k/n) J m(Ak). 

Proof. See Proposition 6.1]. □ 
Let us now complete the proof of Theorem 14.11 From Lemma 14.111 we get 

m(A n ) < (l + ai)m(40- (30) 

Hence, it is enough to derive the tail estimate of Theorem 14. II for m(A n ) in the place of 
m{R > n} = m(A n ). Given any large integer n, we consider the following two cases: 
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(1) If n 6 N \ F, then by flU and Corollary 0~JJ we have 

m(A n ) < exp (~ 12 ^°^ -q ( w - #o)J ™( A o)- 

(2) If n e F, then we distinguish the next two subcases: 

(a) If m(A n ) < 2m(T n ), then nothing has to be done. 

(b) If m(A n ) > 2m(T n ), then we apply Proposition 14. 13| and get some k\ < n for 
which 

m{A n ) < ( — ) m{A kl ). 



The only case we are left to consider is 2(b). In such case, either k\ is in situation 1 or 
2(a), or by Proposition 14. 13l we can find ki < k\ for which 

m(A kl ) < m(A k2 ). 

Arguing inductively we are able to show that there is a sequence of integers < k s < 
■ ■ ■ < ki < n for which one of the following situations eventually holds: 

k i) c ^ ex p(-i^T)^-^))-( A o)- 



(A) 


m(A n ) 


< 


(B) 


m(A n ) 


< 


(C) 


m(A n ) 


< 



7 



7 

m(A„) 



n 

Rq 

n 

In all these three situations we arrive at the desired conclusion of Theorem 14. II Situation 
(C) corresponds to falling in case 2(b) above successively until k s < R Q . 

5. Uniformness 

Let us remark that the ball on which the piecewise expanding Markovian return map 
is defined may be taken the same for every map belonging to a sufficiently small C 2 
neighborhood of a map / in a uniform family. In fact, we have taken the ball Ao centered 
at a point p G M which has been chosen in (II 5|) . Since Si may be chosen the same for 
every / in a uniform family, and the radius Sq of the ball A may be taken uniform in a 
neighborhood of / (see Remark I5.2J) . then the point p and iVo, and hence the ball A , may 
be taken the same for every map belonging to a sufficiently small C 2 neighborhood of /. 
Observe also that by an implicit function argument the critical set varies continuously 
with the map in the C 2 topology. 

The construction of the Markovian return map in Section H] can be performed in such 
a way that the following uniformity condition holds: 

(u ) given an integer N > 1 and e > 0, there is S = S(e, N) > such that for 
j = l,...,N 

||/-/o||c*<5 m({R f = j} A {R f0 = j}) < e, (31) 

where A represents the symmetric difference of two sets. 
This is just by continuity of the inductive construction for maps in a C k neighborhood 
of the original map. In fact, the construction of the partition on which the map Rf takes 
constant values is based on a finite number of iterations of the map /. By continuity, we 
can perform the construction of the partition in such a way that for some fixed integer 
N the Lebesgue measure of {Rf = j} varies continuously with the map / for j < N. 
Moreover, the Lebesgue measures of the auxiliary sets Aj and Bj also vary continuously 
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with the map / for j < N. Hence, the construction can be carried out with Rf depending 
continuously on / as stated in (u ). 

Lemma 5.1. Assume (uq) holds for f . Suppose moreover that given any e > there are 
N > 1 and 5 > for which 

oo 

\\f-f \\ ck< 5 =► H^l^^H^e. (32) 

j=N 

Then uniformity condition (v,\) holds for f . 

Proof. For the sake of notational simplicity we shall write R instead of Rf and R® instead 
of Rf . We need to show that given e > there is 5 > such that for any / G T 

||/-/o||c* <<* => ||i?-i?o||i < e. 

Since 

oo oo 

R = Y 1 {Ro>j} and R = Y 1 { fi >il' 

3=0 3=0 

then we have 

N— 1 oo oo 

\\r- Ro\\ x < Yl ll 1 ^^} - i^iilli + II Y 1 ^o>j}|li + II Y 1 {r>j}\\i- 

3=0 j=N j=N 

By (uo) and all these terms can be made small for / close to fo. □ 

Let T be a uniform family of non-uniformly expanding maps. Given / G T we let the 
expansion time function £f and the recurrence time function TV be defined as in and 
(jHJ respectively. The tail of expansion L{ is also defined for / G T as in (JHJ) for n > 1. 

Lemma 5.2. Let J 1 be a uniform family of C k (k > 2) non-uniformly maps for which 
there are C > and 7 > such that m(T^) < Cn~"< , for all n > 1 and f G T . Then the 
constant C in Theorem \4-l\ may be taken uniformly in a neighborhood of each f G T . 

Proof. As one can easily see from case (B) in the last part of the previous section, the 
constant C > in Theorem 14.11 depends on the constant C > 0. Moreover, from ()3U|) 
and the three possible cases one sees that C also depends on some previous constants, 
namely a, ai, &i, Ci, 9, N and Rq. It is possible to check that all these constants ultimately 
depend on the constants B, f3, b and A associated to the non-uniformly expanding map 
/. Naturally they also depend on the first and second derivatives of /. We explicit the 
dependence of the various constants in the table below: 
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Constant 


Dependence 


Reference 


a, o, 


A 


Proposition IH.5I 


x 

Ol 


d, p, cr, 


Lemma IH.2I 


Ct 


a 

V 




AT 


e 

0\ 


J15J) 


n if 


cr, Oi 


Lemma 14.21 


^0 


ts, p, 0, O 


coronary lo.oi 


n 




coronary io.h)i 


x 
% 


X ^ 

Oi, a 


Lemma 14, 2| Ijzljl. Ijzojl 


do 




1 QY"f"> 1 V"4 O 1/1 /I 

ijclllillci r^. < 1 


bo, c 


O'l, Mb oo 


Lemma 14.81 


CLi 


a 0> °0; Qb a 


(j24J), (|2bJ) 


C\ 


— U AT AT 

a, o, iv e , o , iV 


rtemarK 14. rui 


L 

Ol 


Ol) c l 


dill) 


C2 


a l> °0j c 


ooroiiarv 14. izi 


£ 


K , ^o, o , cr 


(HID 


AT 


e, a, 5i 


ixemarK 14.41 


N 
1 V 


AL /V 
JV 0) jv e 




Rq 


cr, iV , iV, 


Subsection H21 



For better understanding dependencies we use the convention that no constant depends 
on a constant from a line below. Consequently we have all constants depending on B, (3, 
b and A. □ 

Proposition 5.3. Let J 7 be a uniform family of C k (k > 2) non-uniformly maps for 
which there are C > and 7 > 1 such that m(rQ < Cn~' y , for all n > 1 and f G T . 
Then conditions (u\) and (1L2) hold for each f G T. 

Proof. Take any /o G T. If we assume that there are C > and 7 > 1 such that 
m (r{) — Cn~ J for all n > 1 and all / G T , then by Theorem 14.11 there is a constant 
C > such that m{Rf > j} < C'n" 1 for all n > 1 and all / G JF, as long as / is 
taken in a sufficiently small C k neighborhood of f in T , say / G .F with ||/ — /o||c fc < °~- 
Actually, as we have observed in Remark 15.21 the constant C may be taken uniformly in 
a neighborhood of the map f . Thus, given / G T with ||/ — fo\\c k < o" an d an integer 
AT > 1, we have 

00 00 00 

j=N j=N j=N 

Since we are assuming 7 > 1, this last sum can be made arbitrarily small if we take A^ 
large enough. Applying Lemma f5. II we obtain uniformity condition (ui). 

For proving that (U2) holds, we have to show that the constants k and K in Definition 
12.11 may be chosen uniformly for / in a C k neighborhood of fo in the uniform family T . 
The constant K is given in Subsection I4I4.H1 As it has been shown there, it only depends 
on Co, -Do an d Kq. From Remark 15.21 we see that these constants may be chosen uniformly 
in T. On the other hand, the constant k appeared in Subsection 14.21 and depends on a, 
N , Kq and Rq, which again may be chosen uniformly in T . □ 

As a consequence of Proposition 15. HI and Theorem 12.21 we obtain Theorem 1X1 
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6. An example 



Here we present robust (C 1 open) classes of local diffeomorphisms (with no critical set) 
that are non- uniformly expanding. Such classes of maps were presented in and can 
be obtained, e.g. through deformation of a uniformly expanding map by isotopy inside 
some small region. In general, these maps are not expanding: deformation can be made 
in such way that the new map has periodic saddles. 

Let M be any compact manifold supporting some uniformly expanding map fa. there 
exists cr > 1 such that 

||.D/o(:e)i>|| > °olMI f° r every x G M and v G T X M. 

For instance, M could be the d- dimensional torus T d . Let V (Z M be some small compact 
domain, so that fo\V is injective. Let / be any map in a small C 1 -neighborhood M of fo so 
that ||.D/(:r) _1 || < o"o for every x outside V. Assume moreover that the C 1 -neighborhood 
sufficiently small in such a way that: 

(1) / is volume expanding everywhere: there is <J\ > 1 such that 

| det Df(x)\ > G\ for every x G M; 

(2) / is not too contracting on V: there is some small 5 > such that 

U-D/^) -1 )] < 1 + 5 for every x G V. 

We are going to show that every map / in such a C 1 -neighborhood M of fo is non- 
uniformly expanding. 

Lemma 6.1. Let B±, ... , B p , B p+ \ = V be any partition of M into domains such that f 
is injective on Bj, for 1 < j < p + 1. There exists 9 > (only depending on f ) such 
that the orbit of Lebesgue almost every point x G M spends a fraction 9 of the time in 
£?i U ■ ■ ■ U B p , that is, #{0 < j < n : f j (x) G B 1 U • • • U B p } > 9n for every large n. 

Proof. Let n be fixed. Given a sequence i = (io, h, . . . , i n -i) in {1, . . . ,p + 1}, we denote 

[ 1 ]=s io nr 1 (B 11 )n-nr + K 1 ). 

Moreover, we define g(i) to be the number of values of < j < n — 1 for which ij < p. 
We begin by noting that, given any 9 > 0, the total number of sequences i for which 
g(i) < 9n is bounded by 

k<9n v 7 k<8n v 7 

A standard application of Stirling's formula (gives that the last expression is bounded 
by e in p 9n , where 7 depends only on 9 and goes to zero when 9 goes to zero. On the 
other hand, since we are assuming that / is volume expanding everywhere and not too 
contracting on -B p +i, we have m([z]) < m(M) a l ^ e ^ n . Then the measure of the union 
I n of all the sets [i] with g(i) < 9n is less than m(M)o^ l ~ eS}n e in p e n Since o\ > 1, we 
may fix 9 small so that e^p 6 < o\~ 9 . This means that the Lebesgue measure of I n goes 
to zero exponentially fast as n — ► 00. Thus, by the lemma of Borel-Cantelli, Lebesgue 
almost every point x G M belongs in only finitely many sets /„. Clearly, any such point 
x satisfies the conclusion of the lemma. □ 

Let 9 > be the constant given by Lemma lfj.l[ and fix 5 > small enough so that 
0"q(1 + 5) < e~ x for some A > 0. Let x be any point satisfying the conclusion of the 
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lemma. Then 



n-1 



3=0 

for every large enough n. This implies that x satisfies 

1 n— 1 

hmsup-^logp/^ (x))- 1 !! < -A. 



—An 



n— >+oo 71 



3=0 



and since the conclusion of Lemma 16.11 holds Lebesgue almost everywhere we have that 
/ is a non-uniformly expanding map. 

This shows that any sufficiently small neighborhood of / in the C 2 topology constitutes 
a uniform family of non-uniformly expanding maps; cf. Definition 11.51 
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